Abstract. We study the capability property of Leibniz algebras via the non-abelian exterior product.
Introduction
Leibniz algebra is a sort of non-commutative generalization of the Lie algebra structure, with non skew-symmetric bracket, where the Jacobi identity is replaced by the so called Leibniz identity. Leibniz algebras where firstly considered by Bloh in [3] and later rediscovered by Loday in [12] . This later was inspired by construction of a new (co)homology theory for Lie algebras, the so called Leibniz (co)homology (see [12, 14] ). Namely, Loday noticed that in the Lie homology complex the only property of the bracket needed was the Leibniz identity. Later, Leibniz algebra found other applications in different areas of mathematics and yet it is gaining increasing importance.
During the last 20 years lots of papers appeared investigating extensions of results from Lie to Leibniz algebras. Often in these investigations many non-obvious algebraic identities need to be verified and they are sufficiently non-trivial and interesting.
As an example of these generalizations, the non-abelian exterior product of Leibniz algebra was recently developed in [6] with various applications in Leibniz homology. This non-abelian exterior product is the quotient of the non-abelian tensor product of Leibniz algebras developed by Gnedbaye [10] and at the same time, it is the non-commutative version of the non-abelian exterior product of Lie algebras introduced by Ellis [7] .
In this paper we choose to study capability of Leibniz algebras via the non-abelian exterior product of Leibniz algebras. Our decision was inspired by the known result of Ellis in [8, 9] saying that a group is capable if and only if its exterior center is trivial and by the similar investigations for Lie algebras realized in [16, 17] .
The paper is organized as follows. In Section 2 we recall some basic definitions on Leibniz algebras and give necessary results for the development of the paper. In Section 3 we present the definitions of the non-abelian tensor and exterior products slightly differently from the original ones in [10, 6] and introduce the notions of tensor and exterior centers of a Leibniz algebra. Main results are presented in Section 4. Here we show that a Leibniz algebra is capable if and only if its exterior center is trivial (Theorem 4.4). We study relation between tensor and exterior centers and conclude that they coincide for any Leibniz algebra (Corollary 4.10). Finally, in Section 5 we establish capability condition for perfect Leibniz and Lie algebras (Proposition 5.1), we study tensor and exterior centers of products in Lie and Leibniz algebras (Propositions 5.4 and 5.6) and show that there are Lie algebras capable in the category of Leibniz algebras, but not capable in the category of Lie algebras (Corollary 5.7).
Leibniz algebras
Throughout the paper K is a field, unless otherwise stated. All vector spaces and algebras are considered over K, all linear maps are K-linear maps and ⊗ stands for ⊗ K .
Definition 2.1 ([12])
. A Leibniz algebra is a vector space g equipped with a linear map (Leibniz bracket)
[ , ] : g ⊗ g → g satisfying the Leibniz identity
for all x, y, z ∈ g.
A homomorphism of Leibniz algebras is a linear map preserving the bracket. The respective category of Leibniz algebras will be denoted by Lb.
The original reason to introduce Leibniz algebras was a new variant of Lie homology, called non-commutative Lie homology or Leibniz homology, developed in [13, 14] and denoted by HL * .
Let us note that any Lie algebra is a Leibniz algebra and conversely, any Leibniz algebra with the antisymmetric Leibniz bracket is a Lie algebra. This is why Leibniz algebras are called non-commutative generalization of Lie algebras. Thus, there is a full embedding functor Lie ֒→ Lb, where Lie denotes the category of Lie algebras. This embedding has a left adjoint Lie : Lb → Lie, called the Liezation functor (see for example [11, 4] ).
A subspace a of a Leibniz algebra g is called (two-sided) ideal of g if [a, x] , [x, a] ∈ a for all a ∈ a and x ∈ g. In this case the quotient space g/a naturally inherits a Leibniz algebra structure.
An example of ideal of a Leibniz algebra g is the commutator of g, denoted by [g, g] , which is the subspace of g spanned by elements of the form [x, y], x, y ∈ g. The quotient g/[g, g] is denoted by g ab and is called abelianization of g. One more example of an ideal is the center
, for all x ∈ g} of g. Note that both g ab and Z(g) are abelian Leibniz algebras, that is, Leibniz algebras with the trivial Leibniz bracket. Definition 2.4. We say that a Leibniz algebra g is capable if there exists a Leibniz algebra q and an isomorphism of Leibniz algebras
Let us note that capability is defined in the same way in groups (resp. in Lie algebras). A group G (resp. a Lie algebra L) is defined to be capable if there exist a group (resp. a Lie algebra) Q such that the quotient of Q by its center is isomorphic to G (resp. L). It is well-known that the notion of capability in groups (resp. in Lie algebras) is related with inner automorphisms (resp. inner derivations). Namely, a group (resp. a Lie algebra) is capable if and only if it is isomorphic to the group of the inner automorphisms of a group (resp. to the Lie algebra of inner derivations of a Lie algebra). To examine the similar fact for Leibniz algebras, we recall some notions from [12] (see also [5] ).
Let q be a Leibniz algebra.
for all x, y ∈ q. For instance, given any x ∈ q, the map
, is a derivation and the map δ x : q → q given by δ x (y) = −[x, y], is an anti-derivation.
The pair (d, δ), where d is a derivation and δ is an anti-derivation of q such that
is called a biderivation of q. For example, it is easy to check that for any x ∈ q the pair (d x , δ x ) is a biderivation, called the inner biderivation. Denote by BiDer(q) the set of all biderivations of q. There is a Leibniz algebra structure on BiDer(q) (see [12] ) and it is called the Leibniz algebra of biderivations of q. The set of all inner biderivations, denoted by InnBiDer(q) is an ideal of BiDer(q), and it is called the Leibniz algebra of inner biderivations. Using the same notations as above, it is easy to see that there is a homomorphism of Leibniz algebras q → BiDer(q), x → (d x , δ x ), the image of which is InnBiDer(q) and the kernel is exactly the center Z(q). This homomorphism amounts precisely that a Leibniz algebra q is capable if and only if it occurs as the inner biderivations of some Leibniz algebra, that is, there is a Leibniz algebra q such that g ∼ = InnBiDer(q).
3. Non-abelian tensor and exterior products of Leibniz algebras 3.1. Leibniz actions and crossed modules. Definition 3.2. Let m and n be Leibniz algebras. A Leibniz action of m on n is a couple of bilinear maps m × n → n, (m, n) → m n, and n × m → n, (n, m) → n m , satisfying the following axioms:
for each m, m ′ ∈ m, n, n ′ ∈ n. For example, if m is a subalgebra of a Leibniz algebra g (maybe g = m) and n is an ideal of g, then Leibniz bracket in g yields a Leibniz action of m on n. 
, where x ∈ g and m, m 1 , m 2 ∈ m.
Example 3.4. Let a be an ideal of a Leibniz algebra g. Then the inclusion i : a → g is a crossed module where the action of g on a is given by the bracket in g. In particular, a Leibniz algebra can be seen as a crossed module by 1 g : g → g.
3.5. Non-abelian tensor product. The non-abelian tensor product, m⋆n, of two Leibniz algebras m and n with mutual action on each other, is introduced in [10] . For further convenience, we present the definition of m ⋆ n in a slightly different form, where the generators m * n and n * m from the original definition [10, Definition-Theorem 4.1] are denoted by m * 1 n and m * 2 n, respectively. Definition 3.6. Let m and n be Leibniz algebras acting on one another. The non-abelian tensor product of m and n is the Leibniz algebra m ⋆ n generated by the symbols m * 1 n and m * 2 n, for all m ∈ m and n ∈ n, subject to the following relations:
There are induced homomorphisms of Leibniz algebras τ m : m ⋆ n → m and τ n : m ⋆ n → n, where τ m (m * 1 n) = m n , τ m (m * 2 n) = n m and τ n (m * 1 n) = m n, τ n (m * 2 n) = n m .
3.7. Non-abelian exterior product. Let η : m → g and µ : n → g be two Leibniz crossed modules. There are induced actions of m and n on each other via the action of g. Therefore, we can consider the non-abelian tensor product m⋆n. We define m n as the vector subspace of m⋆n generated by the elements m * 1 n ′ −m ′ * 2 n such that η(m) = µ(n) and η(m ′ ) = µ(n ′ ). It is shown in [6, Proposition 1] that m n is an ideal of m ⋆ n. The cosets of m * 1 n and m * 2 n will be denoted by m 1 n and m 2 n, respectively.
There is an epimorphism of Leibniz algebras π : m ⋆ n → m n sending m * 1 n and m * 2 n to m 1 n and m 2 n, respectively.
Let a and b be two ideals of a Leibniz algebra g. Then they act on each other via the Leibniz bracket in g. Let us note that, for each a ∈ a and b ∈ b, the non-abelian tensor product a⋆b has two types of generators: a * 1 b and a * 2 b. Further, the non-abelian exterior product a b (defined via the inclusion crossed modules a ֒→ g and b ֒→ g) is just the quotient of a ⋆ b by the elements of the form c * 1 c ′ − c ′ * 2 c, where c, c ′ ∈ a ∩ b. In particular, g g is the quotient of g ⋆ g by the relation x * 1 y = y * 2 x for x, y ∈ g.
The following lemma is straightforward Lemma 3.9. If g is an abelian Leibniz algebra, then there is an isomorphism of vector spaces g g ∼ = g ⊗ g, where g ⊗ g denotes the tensor product of vector spaces.
The following proposition is immediate.
Proposition 3.10. [6] Let a and b be two ideals of a Leibniz algebra. There is a homomorphism of Leibniz algebras
, for all a ∈ a and b ∈ b. 
Proof.
The last four identities of the non-abelian tensor product immediately imply that g ⋆ g = g g. Hence, by [10, Theorem 6.5] the homomorphism θ g,g : g g ։ g is the universal central extension of the perfect Leibniz algebra g.
3.12.
Tensor and exterior centers. The following notions are useful in the study of capability of Leibniz algebras. Definition 3.13. Let g be a Leibniz algebra.
a) The tensor center Z ⋆ (g) of g is defined to be
b) The exterior center Z ∧ (g) of g is defined to be
Lemma 3.14. For any Leibniz algebra g both Z ⋆ (g) and Z (g) are ideals of g contained in the center Z(g).
Proof. Thanks to the identities (1), (2a), (2b) in Definition 3.6 Z ⋆ (g) is a vector subspace of g and it is an ideal because of the identities (3a)-(3d). For any g ∈ Z ⋆ (g) and x ∈ g we have
It is clear that Z ⋆ (g) ⊆ Z (g). It follows by Proposition 3.11 that this inclusion is an equality if g is a perfect Leibniz algebra. We will show later that Z ⋆ (g) = Z (g) for any Leibniz algebra g. We have proved that ∂ * (Z(c)) ⊆ Z (g) and the preimage of Z (g) is Z(c), this means that We have Ker ∂ ⊆ Z(c) because of the centrality. To see the inverse inclusion we note that given any x ∈ Z(c), by Corollary 4.3 ∂(x) ∈ Z (g) = 0 and so x ∈ Ker ∂.
Conversely, let g be capable. Then there is a Leibniz algebra q such that q/Z(q) ∼ = g. In other words, there is an epimorphism of Leibniz algebras π : q ։ g such that Ker δ = Z(q). Consider a free presentation 0 → s → f τ → q → 0 of q. It implies a free presentation 0 → r → f ∂ → g → 0 of g, where ∂ = πτ and the kernel of ∂ is denoted by r. All these data give the following commutative diagram with exact rows 
On the other hand, as we know ∂ * : c → c is a central extension and so Ker ∂ * ⊆ Z(c). Thus Z(c) = Ker ∂ * . Then, by using the equality (1) we get
4.5. Coincidence of tensor and exterior centers. In this subsection we will use some ideas from [1, 2, 17] Given a Leibniz algebra g we define
Lemma 4.6. For any Leibniz algebra g there is an isomorphism
Proof. As an easy consequence of [6, Proposition 14] we have commutative diagram with exact rows 0
where Γ is the universal quadratic functor [18] . Then the required isomorphism follows. 
Proof. It follows easily by defining relation (5a)-(5d) of the non-abelian tensor product in Definition 3.6 that g ⋆ g, g g and ∇(g) are abelian Leibniz algebras, i. e. just vector spaces. So the equality (2) holds in this case. Now, given any not necessarily abelian Leibniz algebra g, consider the following commutative diagram of Leibniz algebras with exact rows
The bottom row is the exact sequence of abelian Leibniz algebras, i. e. just vector spaces. Then the injection j has the left inverse j
Since the left vertical map is an isomorphism by Lemma 4.6, there is a left inverse homomorphism of i defined by the composition three homomorphisms: the middle vertical map, j ′ and the inverse of the left vertical map. Then the required isomorphism follows.
Theorem 4.9. For any Leibniz algebra g we have
In particular, x ⋆ 1 x = x ⋆ 2 x = 0 in g ⋆ g and x ⋆ 1 x = x ⋆ 2 x = 0 in g ab ⋆ g ab , where x denotes the coset x + [g, g]. If we assume x / ∈ [g, g] then we can deduce that x ⊗ x = 0 in g ab ⊗ g ab . Indeed, by considering a bases of the vector space g containing x, then the corresponding bases of g ab ⊗ g ab contains x ⊗ x. This contradicts to the natural isomorphism
which is given in [10, Proposition 4.2] in a more general setting. Proof. By using Theorem 4.9 it suffices to show that Z (g) ⊆ [g, g]. Take x ∈ Z (g), that is x ∈ g such that x 1 g = x 2 g = 0 for all g ∈ g. In particular, x 1 x = x 2 x = 0 in g g and x 1 x = x 2 x = 0 in g ab g ab , where x denotes the coset x + [g, g]. If we assume x / ∈ [g, g], as in the proof of Theorem 4.9, we deduce that x ⊗ x = 0 in g ab ⊗ g ab . But this contradicts to the natural isomorphism g ab g ab ∼ = g ab ⊗ g ab , which holds by Lemma 3.9.
Capability of Lie algebras in the category of Leibniz algebras
As we mentioned above, a Lie algebra L is capable if there exist a Lie algebra Q such that the quotient of Q by its center is isomorphic to L. On the other hand, a Lia algebra L can be viewed as a Leibniz algebra and one can define the capability of L in the category of Leibniz algebras. It is clear that if L is capable in the category of Lie algebras then L is capable in the category of Leibniz algebras. The converse may not be true in general. The simplest example is one dimensional Lie algebra, i.e. K equipped with the trivial Lie bracket. We show that there are other examples of Lie algebras capable in the category of Leibniz algebras but not capable in the category of Lie algebras. First we prove the following.
